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Linear systems and iterative Krylov methods

• Linear systems of equations

Ax = b, A ∈ Rm×m, b ∈ Rm

• Iterative Krylov methods

CG, MINRES; GMRES, Bi-CG, QMR, Bi-CGSTAB . . .

• Some research hotspots

(1) new preconditioning techniques (e.g., operator learning, NN, sketching)

(2) randomization techniques (e.g., rGMRES, sGMRES)

(3) inexact or mixed-precision computations

(4) inner-product free (orthogonalization-free) algorithms (e.g., CMRH)
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The Arnoldi process and GMRES

• Krylov subspaces: Let r0 := b−Ax0,

Kk(A, r0) := span{r0,Ar0, . . . ,A
k−1r0}.

• The Arnoldi process generates an orthonormal basis

Vk =
󰀅
v1 v2 · · · vk

󰀆

via the modified Gram–Schmidt (MGS) orthogonalization process. We have the

QR factorization

󰀅
r0 AVk

󰀆
= Vk+1

󰀅
󰀂r0󰀂e1 Hk+1,k

󰀆
.

• The generalized minimal residual (GMRES) method:

xk := argmin
x∈x0+Kk(A,r0)

󰀂b−Ax󰀂.
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The Hessenberg process and CMRH

• The Hessenberg process generates a linearly independent basis for Kk(A, r0)

Lk =
󰀅
ℓ1 ℓ2 · · · ℓk

󰀆
.

We have the “LU factorization”
󰀅
r0 ALk

󰀆
= Lk+1

󰁫
e⊤1 r0e1

󰁨Hk+1,k

󰁬
.

Sometimes, pivoting is necessary. Usually, it is “better” than the Krylov basis.
• The changing minimal residual Hessenberg (CMRH) method:

xk := argmin
x∈x0+Kk(A,r0)

󰀂L†
k+1(b−Ax)󰀂.

• CMRH is inner-product-free, less expensive and requires slightly less storage

than GMRES.

H. Sadok. CMRH: A new method for solving nonsymmetric linear systems based on the Hessenberg reduction

algorithm. Numer. Algorithms, 20(4):303–321, 1999.
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Block two-by-two linear systems

• Block two-by-two linear systems of the form
󰀗
M A

B N

󰀘 󰀗
x

y

󰀘
=

󰀗
b

c

󰀘
, M ∈ Rm×m, N ∈ Rn×n.

• Monolithic methods: solving the system as a whole.

For example: CG, MINRES; GMRES, Bi-CG, QMR, Bi-CGSTAB, CMRH ...

Segregated methods: exploiting the block structure, but not in preconditioning.

For example: LSQR, LSMR, TriCG, TriMR; GPMR, GPBiLQ, GPQMR ...

• We consider a special case: A ∕= B⊤, λ ∈ R, µ ∈ R,
󰀗
λI A

B µI

󰀘 󰀗
x

y

󰀘
=

󰀗
b

c

󰀘
.

A. Montoison and D. Orban. GPMR: An iterative method for unsymmetric partitioned linear systems. SIMAX, Vol.

44, No. 1 (2023)
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Simultaneous orthogonal Hessenberg reduction for (A,B)

• Simultaneous orthogonal Hessenberg reduction

AUk = Vk+1Hk+1,k, BVk = Uk+1Fk+1,k,

V⊤
k+1Vk+1 = U⊤

k+1Uk+1 = Ik+1,

where

Hk+1,k =

󰀵

󰀹󰀹󰀹󰀹󰀷

h11 · · · h1k

h21
. . .

...
. . . hkk

hk+1,k

󰀶

󰀺󰀺󰀺󰀺󰀸
, Fk+1,k =

󰀵

󰀹󰀹󰀹󰀹󰀷

f11 · · · f1k

f21
. . .

...
. . . fkk

fk+1,k

󰀶

󰀺󰀺󰀺󰀺󰀸
.
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Simultaneous orthogonal Hessenberg reduction for (A,B)

Algorithm 1: Simultaneous orthogonal Hessenberg reduction

Require: A, B, b, c, all nonzero

1: βv1 := b, γu1 := c β > 0, γ > 0 so that 󰀂v1󰀂 = 󰀂u1󰀂 = 1

2: for k = 1, 2, · · · do

3: for i = 1, 2, · · · , k do

4: hik = v⊤
i Auk

5: fik = u⊤
i Bvk

6: end for

7: hk+1,kvk+1 = Auk −
󰁓k

i=1 hikvi hk+1,k > 0 so that 󰀂vk+1󰀂 = 1

8: fk+1,kuk+1 = Bvk −
󰁓k

i=1 fikui fk+1,k > 0 so that 󰀂uk+1󰀂 = 1

9: end for
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GPMR

• The kth GPMR iterate is
󰀗
xk

yk

󰀘
= argmin

x∈range(Vk), y∈range(Uk)

󰀐󰀐󰀐󰀐

󰀗
b

c

󰀘
−

󰀗
λI A

B µI

󰀘 󰀗
x

y

󰀘󰀐󰀐󰀐󰀐 .

• Equivalent to Block-GMRES:

󰀗
λI A

B µI

󰀘 󰀗
x1 x2

y1 y2

󰀘
=

󰀗
b 0

0 c

󰀘
.

• GPMR terminates significantly earlier than GMRES on a residual-based

stopping criterion with an improvement up to 50% in terms of number of

iterations.

A. Montoison and D. Orban. GPMR: An iterative method for unsymmetric partitioned linear systems. SIMAX, Vol.

44, No. 1 (2023)
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Example: A = well1850, B = illc1850, λ = 1, µ = 0
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Simultaneous Hessenberg reduction for (A,B)

• Simultaneous Hessenberg reduction

ALk = Dk+1
󰁨Hk+1,k, BDk = Lk+1

󰁨Fk+1,k,

where

󰁨Hk+1,k =

󰀵

󰀹󰀹󰀹󰀹󰀷

󰁨h11 · · · 󰁨h1k

󰁨h21
. . .

...
. . . 󰁨hkk

󰁨hk+1,k

󰀶

󰀺󰀺󰀺󰀺󰀸
, 󰁨Fk+1,k =

󰀵

󰀹󰀹󰀹󰀹󰀷

󰁨f11 · · · 󰁨f1k
󰁨f21

. . .
...

. . . 󰁨fkk
󰁨fk+1,k

󰀶

󰀺󰀺󰀺󰀺󰀸
.

We have

range(Dk) = range(Vk), range(Lk) = range(Uk).
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Simultaneous Hessenberg reduction for (A,B)

Algorithm 2: Simultaneous Hessenberg reduction with pivoting

Require: A, B, b, c, all nonzero, p =
󰀅
1 2 · · · m

󰀆
, q =

󰀅
1 2 · · · n

󰀆

1: Determine i0 and j0 such that |bi0 | = max
1≤i≤m

|e⊤i b| and |cj0 | = max
1≤j≤n

|e⊤j c|

2: β = bi0 , d1 = b/β, γ = cj0 ,, ℓ1 = c/γ, p(1) ⇌ p(i0), q(1) ⇌ q(j0)

3: for k = 1, 2, . . . do

4: d = Aℓk, ℓ = Bdk

5: for i = 1, 2, · · · , k do

6: hi,k = d(p(i)), fi,k = ℓ(q(i)), d = d− hi,kdi, ℓ = ℓ− fi,kℓi

7: end for

8: Determine i0, j0 such that |di0 | = max
k+1≤i≤m

|d(p(i))| and |ℓj0 | = max
k+1≤j≤n

|ℓ(q(j))|

9: hk+1,k = di0 , dk+1 = d/hk+1,k, fk+1,k = ℓj0 , ℓk+1 = ℓ/fk+1,k

p(k + 1) ⇌ p(i0), q(k + 1) ⇌ q(j0)

10: end for
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GP-CMRH

• The kth GP-CMRH iterate is

󰀗
xk

yk

󰀘
= argmin

x∈range(Dk), y∈range(Lk)

󰀐󰀐󰀐󰀐󰀐

󰀗
Dk+1

Lk+1

󰀘† 󰀕󰀗
b

c

󰀘
−

󰀗
λI A

B µI

󰀘 󰀗
x

y

󰀘󰀖󰀐󰀐󰀐󰀐󰀐 .

Theorem

Let rGP-CMRH
k and rGPMR

k be the kth residuals of GP-CMRH and GPMR,

respectively. Let Wk+1 =

󰀗
Dk+1

Lk+1

󰀘
. Then,

󰀂rGPMR
k 󰀂 ≤ 󰀂rGP-CMRH

k 󰀂 ≤ κ(Wk+1)󰀂rGPMR
k 󰀂,

where κ(Wk+1) = 󰀂Wk+1󰀂󰀂W†
k+1󰀂 is the condition number of Wk+1.
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Numerical experiments
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Numerical experiments
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Numerical experiments
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Concluding remarks

• We propose an inner product free iterative method called GP-CMRH for solving

block two-by-two nonsymmetric linear systems.

• GP-CMRH relies on a new simultaneous Hessenberg process that reduces two

rectangular matrices to upper Hessenberg form simultaneously, without

employing inner products.

• GP-CMRH requires less computational cost per iteration and may be more

suitable for high performance computing and low or mixed precision arithmetic

due to its inner product free property.

• Our numerical experiments demonstrate that GP-CMRH and GPMR exhibit

comparable convergence behavior (with GP-CMRH requiring slightly more

iterations), yet GP-CMRH consumes less computational time in most cases.

• GP-CMRH significantly outperforms GMRES and CMRH in terms of number of

iterations and runtime efficiency.
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Future work

• Develop acceleration techniques that can fully leverage the underlying structure

of linear systems.

• Intelligent iterative methods for block two-by-two linear systems?

Haifeng Zou, Xiaowen Xu, Chen-Song Zhang.

A survey on intelligent iterative methods for solving sparse linear algebraic

equations.

arXiv:2310.06630 (2023)
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The manuscript and slides

• Kui Du and Jia-Jun Fan

GP-CMRH: An inner product free iterative method for block two-by-two

nonsymmetric linear systems.

arXiv:2509.11272, 2025.

• The slides are available at https://kuidu.github.io/talk.html
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